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Abstract. Let T> and A be unital and separable C*-algebras; let T) be strongly self- 
absorbing. It is known that any two unital "-homomorphisms from D to A g> D are 
approximately unitarily equivalent. We show that, if D is also i^i-injective, they are 
even asymptotically unitarily equivalent. This in particular implies that any unital en- 
domorphism of T> is asymptotically inner. Moreover, the space of automorphisms of T> is 
compactly-contractible (in the point-norm topology) in the sense that for any compact 
Hausdorff space X, the set of homotopy classes [X, Aut (T>)] reduces to a point. The re- 
spective statement holds for the space of unital endomorphisms of T>. As an application, 
we give a description of the Kasparov group KK(T>, A®T>) in terms of *-homomorphisms 
and asymptotic unitary equivalence. Along the way, we show that the Kasparov group 
KK(D, A®V) is isomorphic to K (A ® 23). 



0. Introduction 

A unital and separable C*-algebra D / C is strongly self-absorbing if there is an 
isomorphism T> — > T> <g> T> which is approximately unitarily equivalent to the inclusion 
map T> — > T> ® T>, d >— > d (g> lx> ([14]). Strongly self-absorbing C*-algebras are known to 
be simple and nuclear; moreover, they are either purely infinite or stably finite. The only 
known examples of strongly self-absorbing C*-algebras are the UHF algebras of infinite 
type (i.e., every prime number that occurs in the respective supernatural number occurs 
with infinite multiplicity), the Cuntz algebras Oi and Ooq, the Jiang-Su algebra Z and 
tensor products of Oqo with UHF algebras of infinite type, see [H]. All these examples 
are -fTi-injective, i.e., the canonical map U{T>) /Uq{T>) — > K\{T>) is injective. 

It was observed in [14] that any two unital *-homomorphisms a, 7 : T> — > A ® T> are 
approximately unitarily equivalent, were A is another unital and separable C*-algebra. 
If T> is -ftTi-injective, the unitaries implementing the equivalence may even be chosen to 
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be homotopic to the unit. When D is 02, Oooi it was known that a and 7 are even 
asymptotically unitarily equivalent - i.e., they can be intertwined by a continuous path of 
unitaries, parametrized by a half-open interval. Up to this point, it was not clear whether 
the respective statement holds for the Jiang-Su algebra Z. Theorem 12.21 below provides 
an affirmative answer to this problem. Even more, we show that the path intertwining a 
and 7 may be chosen in the component of the unit. 

We believe this result, albeit technical, is interesting in its own right, and that it will 
be a useful ingredient for the systematic further use of strongly self-absorbing C*-algebras 
in Elliott's program to classify nuclear C*-algebras by .fT-theory data. In fact, this point 
of view is our main motivation for the study of strongly self-absorbing C*-algebras; see 
[8], [10], [E], [E], [IB] and [E] for already existing results in this direction. 

For the time being, we use Theorem 12.21 to derive some consequences for the Kasparov 
groups of the form KK(T>,A ® V). More precisely, we show that all the elements of the 
Kasparov group KK(T>, A <£> T>) are of the form [p] — n[t] where p : T> — > K, <8> A ® T> 
is a *-homomorphism and i : T> — > A ® D is the inclusion i(d) = 1a <8> d and n € N. 
Moreover, two non-zero *-homomorphisms p, if) : T> ^ JC®A®T> with <p(lj>) = ipfi-v) = e 
have the same KK-theory class if and only if there is a unitary-valued continuous map 
u : [0, 1) — ► e(/C <g> A ® V)e, t 1— > m such that uq = e and lim^i \\ut <p(d) u\ — = 

for all deV. In addition, we show that KK^V, V ® A) = K^V ® A), i = 0, 1. 

One may note the similarity to the descriptions of KK(Ooo, <8> A) ([8], [TO]) and 
KK(C,C ® A). However, we do not require that £> satisfies the universal coefficient 
theorem (UCT) in KK-theory. In the same spirit, we characterize O2 and the universal 
UHF algebra Q using ET-theoretic conditions, but without involving the UCT. 

As another application of Theorem 12.21 (and the results of [7]), we prove in [3] an 
automatic trivialization result for continuous fields with strongly self-absorbing fibres over 
finite dimensional spaces. 

The second named author would like to thank Eberhard Kirchberg for an inspiring 
conversation on the problem of proving Theorem 12.21 



1. Strongly self- absorbing C*-algebras 

In this section we recall the notion of strongly self-absorbing C*-algebras and some facts 
from p4] . 

1.1 Definition: Let A, B be C* -algebras and a, 7 : A — > B be * -homomorphisms. 
Suppose that B is unital. 
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(i) We say that a and 7 are approximately unitarily equivalent, a « u 7, if there is a 
sequence (u n ) n ^fq of unitaries in B such that 

\\u n a(a)u* n - 7(a) || "-^ 

for every a £ A. If allu n can be chosen to be inUo(B), the connected component of 
1b of the unitary group U{B), then we say that a and 7 are strongly approximately 
unitarily equivalent, written a ~ su 7. 

(ii) We say that a and 7 are asymptotically unitarily equivalent, a ~ u h 7, if there is 
a norm- continuous path (wt)tg[o,oo) °f unitaries in B such that 

\\u t a(a)u* t - 7(a) || 

for every a £ A. If one can arrange that no = 1b and hence (ut G Uq{B) for 
all t ), then we say that a and 7 are strongly asymptotically unitarily equivalent, 
written a ~ su h 7. 

1.2 The concept of strongly self-absorbing C*-algebras was formally introduced in [14^ 
Definition 1.3]: 

Definition: A separable unital C* -algebra T> is strongly self-absorbing, i/P / C and 
there is an isomorphism (p : T> — > V (gi V such that ip « u idx> <8> Id • 

1.3 Recall [H Corollary 1.12]: 

Proposition: Let A and T> be unital C* -algebras, with T> strongly self-absorbing. Then, 
any two unital * -homomorphisms cr, 7 : T> — > A®T> are approximately unitarily equivalent. 
In particular, any two unital endomorphisms of T> are approximately unitarily equivalent. 

We note that the assumption that A is separable which appears in the original statement 
of [141 Corollary 1.12] is not necessary and was not used in the proof. 

1.4 Lemma: Let T> be a strongly self-absorbing C* -algebra. Then there is a sequence 
of unitaries (w n ) n ^ in the commutator subgroup of U{V ® T>) such that for all d € V 
\\w n (d (8> lT>)u>n — 1t> <8> d\\ — > as n — > 00. 

Proof: Let T C T> be a finite normalized set and let e > 0. By |14l Prop. 1.5] there is a 
unitary u £ U{V®V) such that \\u(d®l v )u* -l v ®d\\ < e for all d € T. Let : V®V -» V 
be a * -isomorphism. Then ||(^(n*) ® lv)u{d ® lv)u*(6(u) (g) l v ) - lx> <8> d|| < e for all 
d € T. By Proposition 11.31 9 (g> lx> ~ u idD^D and so there is a unitary v € U(V (g) V) 
such that \\0(u*) 8> lv — vu*v*\\ < e and hence (g lr>)u - uu*w*ii|| < e. Setting 

w = vu*v*u we deduce that \\w(d <g> lx>)^* — 1© (g d\\ < 3e for all d £ J 7 . | 

1.5 Remark: In the situation of Proposition 11.31 suppose that the commutator subgroup 
of U{T>) is contained in Uq(T>). This will happen for instance if T> is assumed to be K\- 
injective. Then one may choose the unitaries (u n ) ne N which implement the approximate 
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unitary equivalence between a and 7 to lie in Uq (A <8> T>) . This follows from [141 (the proof 
of) Corollary 1.12], since the unitaries (u n ) nG N are essentially images of the unitaries 
{u>n)neN of Lemma ll .41 under suitable unital *-homomorphisms. 

2. Asymptotic vs. approximate unitary equivalence 

It is the aim of this section to establish a continuous version of Proposition 11.31 

2.1 Lemma: Let T> be separable unital strongly self- absorbing C* -algebra. For any finite 
subset T C T> and e > 0, there are a finite subset Q C T> and 5 > such that the following 
holds: 

If A is another unital C* -algebra and a : T> — > A®T) is a unital * -homomorphism, and 
if w G Uq {A ® T>) is a unitary satisfying 

\\\w,a(d)]\\ <5 



for all d € Q, then there is a continuous path (wt)tG[o,i] °f M ™£aries in Uq(A <8> T>) such 
that wo = w, w\ = 1a®v and 

\\[w t ,a(d)}\\ < e 

for alldeF,te [0,1]. 

Proof: We may clearly assume that the elements of T are normalized and that e < 1. 
Let u G T> ® T> be a unitary satisfying 

(1) \\u(d ® 1t>)u* - l v ® d|| < 

for all d G J-. There exist k G N and elements s\, . . . , Sfc,ii, . . . , t/. G T> of norm at most 
one such that 

k 

(2) \\u-^Si®ti\\ < ^. 

i=l 

Set 

(3) 5 := -i- 
and 

(4) e:={si,...,s fe }cP. 

Now let w G Wo(A (g) T>) be a unitary as in the assertion of the lemma, i.e., w satisfies 

(5) \\[w,a(s t )]\\<5 

for alH = 1, . . . , k. We proceed to construct the path (wt)t£[o,i\- 
By [141 Remark 2.7] there is a unital *-homomorphism 

<p : A®V®V -> A®T> 
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such that 



(6) \\<p(a®l v ) -a|| < ^ 



for all a € a(F) U {w}. 

Since w; € Z^o(^4 ® I?), there is a path (wt) te [± jj of unitaries in ^4 (2) 2? such that 

(7) wi = w and tDi = lyi®©. 

2 

For i € [|,1] define 

(8) w t := <p((a ® idx>)(n)*(^ ® lx>)(<j ® idp)(it)) € W(4 £>); 



then (wj) tg ji ^ is a continuous path of unitaries in A ® T>. For t € 1] and d G J 
have 



IIK^)]|| 

= ||it?tcr(d)iy^ — cr(<i)[| 

@ e 

< || wt<p(a(d) ® lx>K* - ¥>(<r(d) ® lu) || + 2 • — 

< ||((<7 ® id©) («))*(«* ® l7?)((ff ® idu)(u(d <8> lx,)tt*))(u£ ® l©) 
{(a ® idu)(«)) - ((a ® idz>)(d ® 1©))|| + ^ 



< ||((a ® id v )(u))*(wt ® lu)((<r ® idx»)(lo ® ® Id) 
•((a ® id v )(u)) - ((a ® idu)(d ® 1©)) || + ^ + ^ 

= || (a ® idu)(u*(l73 ® d)tt - d® lx»)|| + ^ + ^ 
e e e 

< 20 + 10 + 20 

(9) < f. 
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where for the last equality we have used that the wt are unitaries and that a is a unital 
*-homomorphism. Furthermore, we have 



\wi — w\ 

2 

0,© 



< 



||<p(((<r ® id v )(u))*(w ® l©)((a ® idi>)(u))) - 
||¥»(((<t id p )(u))*(w <g> 1d)(J3 o-(flf) ® *;)) - H| + 



20 

i=i 



< 



i=l 



i=l 

©,©,© e 
||</?(u> ® I©) - ty|| + fc • (5 + 2 • 



20 

©,© e e „ e 

< 1 h 2 • — 

20 10 20 

£ 

< 3" 

The above estimate allows us to extend the path (u^t) tg ri ^ to the whole interval [0, 1] 
in the desired way: We have lluuu;* — 1©|| < I < 2, whence —1 is not in the spectrum 

2 J 

of wiw*. By functional calculus, there is a = a* E A ® P with llall < 1 such that 

2 

wiw* = exp(-7ria). For f € [0, ^) we may therefore define a continuous path of unitaries 

w t := (exp(27rita))u; 6 W(A <g> £>). 

It is clear that w;o = and — > wi as t — > (^)_, whence (u^)te[o,i] is a continuous path 
of unitaries in A satisfying wq = w and w\ = 1a <8> P- Moreover, it is easy to see that 

ii £ 
\\wt — w\\ < \\Wl — w \\ < — 
2 3 



for all t € [0, i), whence 



\\[w t ,a(d)}\\<\\[ Wl ,a(d)}\\ + le<e 

2 3 



for t € [0,|), d€f. 

We have now constructed a path (tOt)t e [o ; ii C U{A) with the desired properties. I 

2.2 Theorem: Let A and T> be unital C* -algebras, with T> separable, strongly self- 
absorbing and K\-injective. Then, any two unital * -homomorphisms <r, 7 : T> — > A<g>D are 
strongly asymptotically unitarily equivalent. In particular, any two unital endomorphisms 
ofT> are strongly asymptotically unitarily equivalent. 
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Proof: Note that the second statement follows from the first one with A = T>, since 
T> = D (g) T> by assumption. 

Let A be a unital C*-algebra such that A = A (g) T> and let a, 7 : T> — > A be unital 
*-homomorphisms. We shall prove that a and 7 are strongly asymptotically unitarily 
equivalent. Choose an increasing sequence 

focfic... 

of finite subsets of T> such that |J T n is a dense subset of T>. Let 1 > £0 > e± > . . . be a 
decreasing sequence of strictly positive numbers converging to 0. 

For each n 6 N, employ Lemma 12.11 (with and e n in place of T and e) to obtain a 
finite subset Q n C V and 5 n > 0. We may clearly assume that 

(10) T n C Q n C £ n+ i and that 8 n+1 < S n < e„ 
for all nel 

Since a and 7 are strongly approximately unitarily equivalent by Proposition 11.31 and 
Remark ll.5( there is a sequence of unitaries (u n ) n <=N C Uo(A) such that 

(11) Ka(c0<-7(d)ll<y 
for all d £ Q n and n £ N. Let us set 

w n := <+i«n, n € N. 

Then w n £ Z^o(^) and 

ll[^™ 
= ||it; n a-(d)i<;* — cr(d)\\ 

< \\u n+1 u n cr(d)u n u n +i - u n+1 j(d)u n+ i || 
+ IK+i7(d)n n+ i -<r(d)|| 

2 2 

< 5 n 

for d £ C? n , n 6 N. Now by Lemma [2.11 (and the choice of the Q n and S n ), for each n there 
is a continuous path (w n ,t)t£[o,i] °f unitaries in Uq(A) such that «; nj o = w m w n ,i = 1a and 

(12) \\[w n , t ,a(d)}\\ <£ n 
for all d £ J= n , t £ [0,1]. 

Next, define a path (wt)i e [o,oo) °f unitaries in ^o(^4) by 

u t := ^ t € [n,n + 1). 
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We have that 

(13) u n = u n+ iw n = u n 
and that 

ut -> u n+ i 

as t — > n + 1 from below, which implies that the path (wt)tg[o,<x>) i s continuous in Wo (.A). 
Furthermore, for t G [n, n + 1) and d € we obtain 

||u t cr(<i)^ - 7(d) || 

= \\u n+1 w n ^ n a(d)w^ t _ n Un +1 ~ 7(d) \\ 

\\u n+ io(d)u* n+l - 7(d) || + e n 

GU.Gqj 
CEO) 

< 2e n . 

Since the J- n are nested and the e n converge to 0, we have 

(14) 1^(^-7(^11^0 

for all d 6 U^o-^™> by continuity and since U^=o^" ^ s dense in V, we have (fT4"|) for all 
d € P. Since uq € Wo (A) we may arrange that uq = 1a- I 



3. The group KK{J),A®V) and some applications 

3.1 For a separable C*-algebra T> we endow the group of automorphisms Aut (T>) with the 
point-norm topology. 

Corollary: Let T> be a separable, unital, strongly self-absorbing and Ki-injective C*- 
algebra. Then [X, Aut("D)] reduces to a point for any compact Hausdorff space X. 

Proof: Let ip, ip : X — > Aut [V) be continuous maps. We identify tp and ip with unital 
*-homomorphisms p,ip : X> — ► C(X) (g> 2^. By Theorem 12.21 is strongly asymptotically 
unitarily equivalent to ip. This gives a homotopy between the two maps <p, ip : X — > 
Aut(P). I 

3.2 Remark: The conclusion of Corollary 13. II was known before for T> a UHF algebra of 
infinite type and X a CW complex by [13], for V = 2 by [8] and [TO], and for V = 

by [2]. It is new for the Jiang-Su algebra. 

3.3 For unital C*-algebras T> and B we denote by [D, B] the set of homotopy classes of 
unital *-homomorphisms from D to B. By a similar argument as above we also have the 
following corollary. 
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Corollary: LetT> and A be unital C* -algebras. IfT> is separable, strongly self-absorbing 
and Ki-injective, then [D,A®T>] reduces to a singleton. 

3.4 For separable unital C*-algebras V and B, let %i ■ KK^V, B) -> KK^C, B) Ki(B), 
i = 0, 1 be the morphism of groups induced by the unital inclusion v : C —> T>. 

Theorem: Let D be a unital, separable and strongly self-absorbing C* -algebra. Then for 
any separable C* -algebra A, the map Xi '■ KKi(T>, A ® T>) — > Ki(A (g) T>) is bijective, for 
i = 0, 1. In particular both groups KKi(V, A ® D) are countable and discrete with respect 
to their natural topology. 

Proof: Since T> is KK-equivalent to T> ® 0oo> we may assume that V is purely infinite 
and in particular i^i-injective by \11\ Prop. 4.1.4]. Let C V T> denote the mapping cone C*- 
algebra of u. By [3 Cor. 3.10], there is a bijection [V, A®V}^ KK{C U V, SA ® V) and 
hence KK(C U V, SA®T>) = for all separable and unital C*-algebras A as a consequence 
of Corollary E31 Since KK{C U V, A<S>V) is isomorphic to KK(C V V, S 2 A ® V) by Bott 
periodicity and the latter group injects in KK(C U T>, SC(T) ® A®T>) = 0, we have that 
KKi(C u V,D ® A) = for all unital and separable C*-algebras A and i = 0,1. Since 
KKi{C v V, T> ® A) is a subgroup of KKi{C v V, V <£> A) = (where A is the unitization of 
A) we see that KKi{C v V,V ® A) = for all separable C*-algebras A. Using the Puppe 
exact sequence, where x% = v * 

KK i+l {C u V, A®V)-^ KKi(V, A®V)^~ KK^C, A <g> V) KKi{C v V, A®V) 

we conclude that x% is an isomorphism, i = 0,1. The map x% = ^* is continuous since it 
is given by the Kasparov product with a fixed element (we refer the reader to [12], [9] or 
p] for a background on the topology of the Kasparov groups). Since the topology of K{ is 
discrete and Xi is injective, it follows that the topology of KKi(D, A® D) is also discrete. 
The countability of KKi(V, A®D) follows from that of Ki{A® D), as A®T> is separable. 

I 

3.5 Remark: In contrast to Theorem 13. 4^ if T> is the universal UHF algebra, then 
KK(V, C) 2* Ext(Q, Z) ^ Q N has the power of the continuum p. 221]. 

3.6 Let T> and A be as in Theorem 13.41 and assume in addition that T> is i'fi-injective and 
A is unital. Let i : V — > A (g> T> be defined by t(d) = 1a <8> d. 

Corollary: IfeGlC^A^D is a projection, and if, ip : T> — ► e(/C (8> A <8> 2?)e are too 
unital * -homomorphisms, then (p ~ su h ^ and hence [if] = [tp] € KK(T), A®T>). Moreover: 

KK(V, A ® V) = {[<p] - n[i] \ (p:V^K,®A®Visa * -homomorphism, n £ N}. 
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Proof: Let ip, ip and e be as in the first part of the statement. By |14l Cor. 3.1], the 
unital C*-algebra e(/C ® A ® V)e is D-stable, being a hereditary subalgebra of a P-stable 
C*-algebra. Therefore ip ~ S uh ip by Theorem 12.21 

Now for the second part of the statement, let x G KK(D, A ® T>) be an arbitrary 
element. Then xo(^) = N — ^[1a®x>] for some projection e E /C® A®D and n G N. Since 
e(/C ® A ® T>)e is P-stable, there is a unital *-homomorphism 99 : D — > e(/C ® A ® P)e. 
Then 

Xo(M - n[t]) = - n[/,(li>)] = [e] - n[l A ®i>] = XoO), 

and hence [ip] — n[i] = x since xo is injective by Theorem 13.41 

In the remainder of the paper we give characterizations for the Cuntz algebra O2 and for 
the universal UHF-algebra which do not require the UCT. The latter result is a variation 
of a theorem of Effros and Rosenberg [5] . 

3.7 Proposition: LetV be a separable unital strongly self-absorbing C* -algebra. //[Id] = 
in K (D), then V ^ 2 . 

Proof: Since T> must be nuclear (see [H]), T> embeds unitally in O2 by Kirchberg's 
theorem. T> is not stably finite since [lv] — 0. By the dichotomy of (141 Thm. 1.7] T> must 
be purely infinite. Since [1©] = in Kq(T>), there is a unital embedding O2 — ► T>, see [TTj 
Prop. 4.2.3]. We conclude that T> is isomorphic to 02 by [141 Prop. 5.12]. 

3.8 Proposition: Let T>, A be separable, unital, strongly self-absorbing C* -algebras. 
Suppose that for any finite subset TofT> and any e > there is a u.c.p. map <p : T> — > A 
such that \\(p(cd) - ip(c)(p(d) \\ < e for all c,d E T. Then A = A ® V. 

Proof: By [X4(, Thm. 2.2] it suffices to show that for any given finite subsets J- of T>, Q of 
A and any e > there is u.c.p. map : V — > A such that (i) ||$(cd) — &(c)Q(d) \\ < e for 
all c,d E J- and (ii) ||[<fr(d),a]|| < e for all d G J- and a € G- We may assume that \\d\\ < 1 
for all d E Since A is strongly self-absorbing, by [14^ Prop. 1.10] there is a unital *- 
homomorphism 7 : A® A — > ^4 such that ||7(a® 1^) — a\\ < e/2 for all a £ G. On the other 
hand, by assumption there is a u.c.p. map p : T> — > ^4 such that ||v(c<i) — </?(c)<£>(<i)|| < e 
for all c,d £ J 7 . Let us define a u.c.p. map $ : Z? — > A by &(d) = 7(1a ® p(d)). It is 
clear that <!> satisfies (i) since 7 is a *-homomorphism. To conclude the proof we check 
now that $ also satisfies (ii). Let d G T and a G Q. Then 

P(«MII 

< \\Md),a- 7 (a ® 1 A )]|| + ||[*(d),7(a ® 1a)]|| 

< 2||$(d)||||a- 7 (a®l A )|| + ||[7(l A ®^(d)),7(a®l A )]|| 

< 2e/2 + = e. 
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I 

3.9 Proposition: Let T> be a separable, unital, strongly self-absorbing C* -algebra. Sup- 
pose that T> is quasidiagonal, it has cancellation of projections and that [lv] G n Ko(T>) + 
for all n > 1. Then T> is isomorphic to the universal UHF algebra Q with Kq(Q) = Q. 

Proof: Since V is separable unital and quasidiagonal, there is a unital ^representation 
7r : T> — > B(H) on a separable Hilbert space H and a sequence of nonzero projections 
p n G B(H) of finite rank k(n) such that lim^^oo ||[p„,7r(d)]|| = for all d G V. Then 
the sequence of u.c.p. maps ip n : V — > p n B(H)p n = M fc ( n )(C) C Q is asymptotically 
multiplicative, i.e limn^oo \\ip n (cd) — ip n (c)(p n (d))\\ = for all c,d G V. Therefore Q = 
Q®Vhy Proposition ESI 

In the second part of the proof we show that V = V <S> Q- Let E n : Q — > M n i(C) C Q 
be a conditional expectation onto M n \ (C). Then lim n _ >00 \\E n (a) - a\\ = for all a G Q. 

By assumption, for each n there is a projection e in P ® M m (C) (for some m) such 
that n\[e] = [l v ] in K (V). Let v? : M n! (C) -> M re! (C) (g) e(D (g) M m (C))e be defined 
by = b (g) e. Since 2? has cancellation of projections and since n![e] = [Id], there 
is a partial isometry v £ M n \(C) & D <g> M m (C) such that v*v = lM n! (C) ® e an d ^w* = 
en iglufgen. Therefore 6 i— > v (p(b) v* gives a unital embedding of M ra !(C) into T>. Finally, 
V'n(o) = v (if o E n (a)) v* defines a sequence of asymptotically multiplicative u.c.p. maps 
Q^V. Therefore V ^ V Q by Proposition I 

3.10 Remark: Let T> be a separable, unital, strongly self- absorbing and quasidiagonal C*- 
algebra. Then T> Q= Q by the first part of the proof of Proposition 13.91 In particular 
K\{T>) (g> Q = and -Ko(^) (g Q = Q by the Kiinneth formula (or by writing Q as an 
inductive limit of matrices). 
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